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ARTICLE INFO ABSTRACT

Keywords: Shear wave elastography (SWE) is a promising imaging modality for mechanical characterization
Acoustoelasticity of tissues, offering biomarkers with potential for early and precise diagnosis. While various
Viscoelasticity

methods have been developed to extract mechanical parameters from shear wave characteristics,
their relationships in viscoelastic materials under prestress remain poorly understood. Here, we
present a generalized incremental dynamics theory for finite-strain viscoelastic solids. The theory
derives small-amplitude viscoelastic wave motions in a material under static pre-stress. The
formalism is compatible with a range of existing constitutive models, including both hyper-
elasticity and viscoelasticity—such as the combination of Gasser-Ogden-Holzapfel (GOH) and
Kelvin-Voigt fractional derivative (KVFD) models used in this study. We validate the theory
through experiments and numerical simulations on prestressed soft materials and biological tis-
sues, using both optical coherence elastography and ultrasound elastography. The theoretical
predictions closely match experimental dispersion curves over a broad frequency range and
accurately capture the effect of prestress. Furthermore, the framework reveals the relationships
among shear wave phase velocity, attenuation, and principal stresses, enabling prestress quan-
tification in viscoelastic solids without prior knowledge of constitutive parameters. This gener-
alized acousto-viscoelastic formalism is particularly well-suited for high-frequency, high-
resolution SWE in tissues under prestress.

Soft tissue rheology
Elastic waves
Elastography

1. Introduction

The emergence of shear wave elastography (SWE) technologies has made the mechanical properties of soft biological tissues
available as a biomarker that holds the promise to address unmet needs in early and precise diagnosis of diseases, such as staging liver
fibrosis (Ferraioli et al., 2015) and assessing breast tumor (Barr et al., 2015). In SWE, traveling elastic waves over a limited frequency
band are generated by means of noninvasive stimuli and then visualized using medical imaging modalities, such as ultrasound
(Gennisson et al., 2013), magnetic resonance imaging (Mariappan et al., 2010), and optical coherence tomography (Kennedy et al.,
2013). The speeds of the traveling elastic waves can offer a clear contrast for normal and diseased tissues as they are primarily
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determined by mechanical properties of the tissues that can be altered by pathology. To quantitatively infer the mechanical properties
of soft tissues with traveling waves, wave theories relying on constitutive models that are able to describe the deformation behaviors of
soft tissues in vivo are necessary (Cao et al., 2019; Li & Cao, 2017).

It is well recognized that most soft biological tissues are viscoelastic and subject to prestress (Chen et al., 2010; Mammoto & Ingber,
2010). The viscoelastic deformation behaviors and the presence of prestress play essential roles in their normal physiological functions
and may be altered by diseases (Cyron & Humphrey, 2017; Sack et al., 2013). To infer the viscoelastic properties of soft tissues in vivo
with SWE, different viscoelastic models have been used to characterize the features of wave dispersion (Sack et al., 2013; Zhang et al.,
2021; Zhou & Zhang, 2018). Notably, existing data suggest that the viscoelasticity-caused wave dispersions in soft tissues can be well
predicted by the Kelvin-Voigt fractional derivative model (KVFD, or the power-law rheological model) (Bonfanti et al., 2020), upon
which a SWE method to probe viscoelastic properties of soft tissues in a broad frequency range can be developed (Parker et al., 2019;
Poul et al., 2022). Besides the measurement of viscoelastic properties in vivo, SWE is also promising in probing the prestress in soft
tissues. Prestresses exist in load-bearing tissues such as arteries and corneas, and can dramatically alter shear wave speeds due to the
nonlinear stiffening behavior of soft biological tissues (Couade et al., 2010; Li et al., 2022b). The small-amplitude shear wave utilized
in SWE can be modelled as incremental motions superposed on the large deformation introduced by the prestress, coined as incre-
mental dynamic theory (Destrade, 2015; Ogden, 2007), which forms the theoretical basis to develop a SWE method to infer prestress
(Zhang et al., 2023).

It is of notice that the effects of viscoelasticity and prestress on wave motions in soft biological tissues have been investigated
separately and corresponding SWE methods to infer either viscoelastic properties (Parker et al., 2019; Poul et al., 2022; Zheng et al.,
2021) or prestresses (Zhang et al., 2023) have been developed in parallel. However, imaging the viscoelasticity of soft tissues with
shear waves can suffer from the effect of prestress on wave dispersion; meanwhile, neglecting the viscoelasticity in inferring prestress
from shear wave speeds may result in significant errors. To address these fundamental issues, an incremental dynamics theory for
prestressed viscoelastic solids within the framework of continuum mechanics has been suggested in this study. Different from the
theories relying on the Kelvin—Voigt model (Colonnelli et al., 2013; Destrade et al., 2009; Saccomandi, 2005) or that taking the Prony
series as the relaxation kernel function (Berjamin & De Pascalis, 2022; Parnell & De Pascalis, 2019), the KVFD model is adopted to
describe the power-law rheology of soft tissues observed in experiments. Based on such a theoretical framework, several analytical
solutions to predict shear waves, surface waves and guided waves in prestressed viscoelastic solids are presented. Particular attention is
paid to the effect of viscoelasticity and prestress on wave dispersion and attenuation, which not only helps quantify the influence of
material viscoelasticity and prestress on elastic wave propagation in soft tissues, but also leads to a simple SWE method to infer
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Fig. 1. Configurations involved in the theoretical analysis, including initial (By), deformed (B) and incremental states (B'). (a) Kinematics of elastic
materials. (b) Kinematics of viscoelastic materials. For the viscoelastic materials, the stress is fully relaxed at B; the complex modulus increases with
the increase of wave frequency at B
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prestress in a viscoelastic solid.

This paper is organized as follows. In Section 2, we derive the incremental equation of motions for prestressed viscoelastic materials
following the framework of elastic incremental dynamics (Destrade, 2015; Ogden, 2007). In particular, we introduce the fractional
order derivative of the stress (which is equivalent to the KVFD model) to capture the power law rheology of biological tissues. In
Section 3, the analytical solutions of dispersion and attenuation of plane shear waves, surface/interface waves and Lamb waves in
uniformly prestressed viscoelastic solids are derived. By applying these theoretical solutions, we discuss the effects of prestress and
material viscoelasticity on phase velocity and dissipation. In Section 4, to verify theoretical dispersion relations and demonstrate their
usefulness in practical measurements, we perform SWE on soft artificial materials and ex vivo soft biological tissues, and analyze the
experiments with the proposed theory. In Section 5, we present an identity that relates biaxial prestress to the biaxial wave velocities of
plane shear waves, enabling direct stress measurement through elastic wave motions. This finding expands upon the work of
acoustoelastic imaging method to probe stress in elastic soft materials (Zhang et al., 2023). We verify the proposed method by finite
element analysis. Finally, in Section 6 we give the concluding remarks.

2. Incremental dynamics of prestressed viscoelastic solids
2.1. Overview of incremental dynamics

Here we briefly revisit the theoretical background of incremental dynamics that have been developed for pure elastic materials.
Readers are referred to Ogden (2007) and Destrade (2015) for more details. The definition of notations is consistent with those used in
the reference work (Destrade, 2015; Ogden, 2007) (see details in Supplementary Note 1).

2.1.1. Kinematics

Fig. 1a and 1b illustrate the kinematics of elastic and viscoelastic materials, respectively. We denote the initial, deformed and
incremental configurations with By, B and B/, respectively. The coordinates corresponding to By, B and B’ are denoted as X, x and x/,
respectively. While the deformation process is the same for both elastic and viscoelastic materials, their stress states and material
moduli differ. For the viscoelastic materials, we assume the stress relaxation involved in the deformation from By to B has been fully
developed, so B is in equilibrium. B’ is an infinitesimal perturbation from B. The incremental motion is denoted by u, i.e., X = x + u.
The incremental stress in the material depends on the frequency of the incremental motion. The deformation gradient tensors for By—B
and By—B' are denoted by F and F, respectively. Using the chain rule, we have

. 0x ox -
A = (€}
%~ U+DF=F+F

where I' = du/dx. With the incompressible constraint for soft materials, we have J = det(F) =1 and J = det(F) = 1.

2.1.2. Incremental dynamics

The equation of motion on B is DivS = px, where S is the nominal stress. Nominal stress S is related to the Cauchy stress 6 and PK-II
stress Tby 6 = FSand T = SF~T, respectively. The notation of divergence ‘Div’ is defined with respect to X. Similarly, the equation of
motion on B' is Div§S" = px'. By taking the difference of the two equations, we get the equation that governs the incremental motions

DivS = pii )
where § =S — S. The notation * indicates the increment of a quantity. Taking the incremental form of S = F~'6, we get S=F1 (6 -
f‘F’lo'). By pushing forward of Eq. (2), we obtain the incremental equation of motion

divE = pii 3
where

X=FS=0-T¢ 4

The divergence ‘div’ is computed with respect to x. By taking the incremental form of 6 = FTF", we obtain the relationship between

incremental Cauchy stress & and incremental PK-1I stress T as
6 =To+ol" + FTF" ©)
Inserting Eq. (5) into (4), we get

T =oI" + FTF" (6)
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2.2. Constitutive models of viscoelastic materials

Nonlinear viscoelastic theories represent an evolving field, and various viscoelastic models have been developed in the literature
(Wineman, 2009). In this work, two types of nonlinear viscoelastic models are employed to develop the acoustoelastic theory: the
quasi-linear viscoelastic (QLV) model (De Pascalis et al., 2014; Fung, 1993) with the Prony series as the relaxation kernel function, and
the Kelvin-Voigt fractional derivative (KVFD) model (Adolfsson & Enelund, 2003; Nordsletten et al., 2021).

Following the assumption introduced by Simo (1987), the hydrostatic and deviatoric parts of the second Piola-Kirchhoff (PK-II)
stress in the incompressible viscoelastic solids exhibit independent viscoelastic responses. The PK-II stress T is decomposed as

T=—qC'+Tp )

where g denotes an incompressible term. C = F'F denotes the right Cauchy-Green tensor. Tp ( = Dev(T)) is the deviatoric stress, where
Dev(-)=(-)—([-]:C)C!/3 denotes the deviatoric operator in the Lagrangian description.

2.2.1. Quasi-linear viscoelastic model with Prony series

The QLV model assumes that the current stress depends solely on the history of stress (Fung, 1993). The key limitations of this
model are its inability to capture the initial stress-dependent behavior during stress relaxation, and its insufficiency in characterizing
creep behavior. Nevertheless, it remains a useful approximation for characterizing the viscoelastic behavior of biological soft tissues in
many cases (De Pascalis et al., 2018). According to the QLV model assumption, the deviatoric stress can be expressed by a hereditary
integral

oT}(s)

D
E ds ®

t
T, — z'u‘g:/ Z(t—s)-
0

where the notation ‘«* denotes the convolution operator. t denotes time. The material is assumed to be stress-free for negative times.
The deviatoric part of elastic stress T, is defined as T, = Dev(T¢), where T° is derived from the strain energy function W by T® =
(0W /OF)F~T. Z(t) is the relaxation kernel function. The relaxation function of the Prony series model is defined as

n
Z(t) =13 gll - exp( — t/n)] ©
k=1
where g and 7 (k =1, 2, ..., n) denote the k-th order relaxation magnitude and characteristic time, respectively. Inserting Eq. (9) into
Eq. (8), we get (Berjamin & De Pascalis, 2022)

T, =T > T} (10)
k=1

where T}, = (g /7) [, €~ /%T%(s)ds. T}, can be regarded as internal variables and their evolution equation is

ol = &Tp — T} a1

2.2.2. Kelvin-Voigt fractional derivative model

The KVFD model employed in this work assumes that the current viscous stress depends on the history of stress, which shares a
common fundamental assumption with the QLV model. The viscous stress T, is determined by (Capilnasiu et al., 2020; Nordsletten
et al., 2021)

Tp=T,+T (12)
where T" is the fractional derivation of T}, defined as

. dP Tg
1 dth

13

where f, denotes the fractional order (0 < , < 1; when g, = 0 the model reduces to a purely elastic material; when g, = 1, it cor-
responds to the classical Kelvin-Voigt viscoelastic model). ; reflects the relative contribution of viscosity to elasticity in the material
(dimension [s%]).

While the two models aforementioned will be discussed in this study, we are primarily interested in the KVFD model, which has
been proved to match the experimental data for soft biological tissues better (Bonfanti et al., 2020; Poul et al., 2022). It should be noted
that the elastic stress T, in Eq. (12) represents the long-term (fully relaxed) elastic response. In contrast, the term T§ in Eq. (10)
corresponds to the instantaneous elastic response.
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2.3. Incremental motions of viscoelastic solids

Based on the framework of incremental dynamics introduced in Section 2.1, we aim to derive the incremental motion equation of
viscoelastic solids. Since the hydrostatic and deviatoric stresses are introduced in the viscoelastic soft biological materials, we
reformulate the form of incremental stress X as follows. Taking the incremental form of Eq. (7), we have

FTF' = —GI + qT + qI" + FT,F" (14)
where § and Tp are increments of g and Tp, respectively. Inserting Eq. (14) and 6 = —qI + 6p into Eq. (6), we get
T = —gI+ql +o6pI" + FTpF" (15)

In Eq. (15), op denotes the fully relaxed deviatoric Cauchy stress at B. Tp denotes the incremental deviatoric PK-I stress at B For Prony
series model, 6p is

op = (1 - ng> 6, =(1-g)c’, (16)
k=1

where g = >°¢_; 8. We further assume the incremental motion is harmonic (angular frequency o = 27f); therefore, all the incremental

quantities admit a harmonic formulation. Then according to Eq. (11) we get f‘; = TD, which, together with Eq. (10), helps to

1+uurk
obtain

Ty = <1 a Z 1+ lwrk> a”n

Inserting Eqs. (16) and (17) into Eq. (15), we get
T = —GI+qT + (G — Q)65 + GFT,F" (18)

where G and Q are defined as

=1- 1
Z 1 + iy (19
and
I w7
Q=G-(1-g = _—k 20
(1-g ;:1 - (20)
respectively.

For the KVFD model, according to Egs. (12) and (13), we obtain 6p = 6}, as the relaxed stress and f‘;, = (iw)/} 0 f‘; as the harmonic
incremental stress. As a result, the incremental stress X for the KVFD model can be expressed in the same form as Eq. (18), with only the
parameters G and Q replaced by

G =1+ y(iw)” (21)
and,
Q=G-1=yn(io) (22)

We proceed to introduce the constitutive model into Eq. (18) to eliminate elastic stresses 65 and i‘;. Deviatoric elastic stresses 6},
and T}, are defined by

6D,6e—7(6 DI = FM—QI (23)
and
T, =T — 7(1‘e cct= ‘?)lVF* —Qc™ (24

where Q = (T : C)/3 = (6° : I)/3. Taking the incremental form of Eq. (24), we get
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T T T (25)
FT,F _F—a 3 I‘F—F—a I —QI+Q(I‘+I‘)

where (Az denotes the increment of Q. Inserting Eqs. (23) and (25) into Eq. (18), we get

¥ = —GI + qI' — GQI + GQI' + G.%/,T — Q64T (26a)
and its component form is

Sji = — 40 + qui; — GQB; + GQU; + G/ gjuatiyie — QUi (26b)

where i, j, k, [ € {1, 2, 3}, denoting components along the three Cartesian coordinate directions— x1, X2, and x3. The subscript with a

comma denotes partial differentiation with respect to the corresponding variable. .7 is the fourth-order Eulerian elasticity tensor with
components .%/ gjix; = ,afz,j,—ngLNEMFkN (M, N € {1, 2, 3}). It should be noted that the stresses (e.g., Q and 6%,) and the elasticity tensor (also
referred to as the incremental stiffness) .2/ in Eq. (26) refer to the instantaneous values for the QLV model, and the long-term values for

the KVFD model.
Finally, inserting Eq. (26b) into Eq. (3), we get the incremental motion equation for the uniformly prestressed viscoelastic solids:

G gjgaltzje — G — GQ, - Qoplij = Pl (27)

coupled with the incompressible constraint
Uj; = 0 (28)
To get Eq. (27), we have used homogeneous deformation conditions q; =0, Q; = 0, and ./ gjx;; = 0, and the incompressible constraint
l“ﬁ j = 0.
For pure elastic solids, we have G = 1 and Q = 0. The PK-II stress recovers to T = — qC ! + T = — pC~! + T¢, wherep = ¢ +Q

denotes the Lagrange multiplier. Taking the increments of the quantities yields: p = q + Q. Then Eq. (27) reduces to the equation of
incremental motions for elastic solids (Ogden, 2007)

A gjallige — Di = Plliye (29)
3. Small-amplitude waves in prestressed viscoelastic solids

In this section, the incremental dynamic theory is implemented to study the small-amplitude wave motions in uniformly prestressed
viscoelastic solids. Three types of elastic waves frequently involved in SWE are discussed, i.e., bulk shear wave, surface/interface wave,
and Lamb wave. Analytical dispersion equations for the waves are derived and the verification of the results by finite element analysis
is provided in Supplementary Note 2.

3.1. Plane shear wave

We consider plane shear waves propagating in the x; — x; plane with in-plane polarization; therefore, only the displacement
components u; and u, are nonzero. Taking u; and u, into the wave motion Eq. (27), we get

G(e«?/ouulll,u + S o1122Uz212 + F o221l 22 + &%02112112.21)

N ~ (30)
*Q(ﬂfmul,u + 05322111.22) —q1—GQ1=pury
and
G(-?/ouuuz,u + 7 02202Uz 22 + Ho1122U112 + Fo1221 Ul.lz) 31
*Q(Ufmllz,u + 612322112.22) —qa2— Ga,z = PUzs
Eliminating g and QinEgs. (30) and (31), and introducing a stream function y/(x1,xz,t)— which satisfiesu; =y , anduy = —y;—to
take place of u; and uy, we get
Gla + +2
[ Vi T VY 2222 ﬂ’l/.uzz] (32)

—Q[0511W 1111+ ChaaW o2 + (0511 + Oh2) W 1122] = P (W 2000 + W 10)

where a = :.(Z/()lz]z, Y= ,,0//02121, /)’ = ('9/01111 + ’5&/02222 — 2,9/01122 — 2.53/01221)/2. In the derivation of E(] (32), we have used the major
symmetry of the tensor ./, i.e. %1 = Zokji- As a supplementary discussion, we provide a relationship between stresses and in-
cremental parameters. This relationship is useful for calculating dispersion relations in practice and will also be used in Section 5. With
the help of the identity 6§, = .75 — /g5 (i # j, no summation) (Destrade, 2015), where ¢° has been defined in Eq. (23), the volumetric
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stress Q is related to .%/jy; by
1, , ) , ,
Q= 3 (A o1212 + F 02121 + F 03232 — 2% 01221 — ¥ 02332) (33)

The deviatoric stresses o5, and 6p,, are related to .27y by

2 1 1 1 1
O = guWoulz - gf/mzzl - §VW02121 - §<Q/ 03232 + 5-9/02332 B4
and
2 1 1 1 1
€ e == — =7 — =/ — = —, 35
Opzp = 3% oz — 3% 01221 — z:¥ 01212 — 3% 03232 + 3702332 (35)
respectively.

For plane shear waves propagating at an angle ¢ with respect to the x; axis, the stream function can be expressed as y =
woexplik(x;cosd + xosind)|exp( — iwt), where y, denotes the amplitude, k is the wavenumber. Inserting y into Eq. (32), we obtain the
general solution of plane shear waves in a prestressed viscoelastic material:

p & = (Ga — Q0% )cos*d

36
+(Gy — Qo%y,)sin*0 + [2Gp — Q(o%, + 0%, )] sin®Acos®0 (36)

where # (= w/k) denotes the complex wave velocity. The phase velocity ¢ and wave dissipation factor d then can be calculated by

[0} -1
= = [Re(&™* 37
c Re(k) [Re( )] 37)
and
(a) (c)
8 . 0.8~
6 .
4l
w2 BN
(* 0)
—(1,0)
] (1.25,112)
1 ——(1.25,0) |
e ——-(1.67,12)
- —(1.67,0)
0.5 s 0= s ‘ s
10* 102 10° 102 10* 107 10° 102
S S
(b)
/2 /2 M2
2 2 2
m 0 m 0 m 0
3m/2 3m/2 3m/2
f=10* f=10" f=10°

Fig. 2. Effect of prestress on plane shear waves in the KVFD material. (a) Dimensionless dispersion relation. 4, stretch ratio, 6, angle of the wave
propagation direction. (b) Angular distribution of normalized phase velocity. 4 = 1.25. (c) Dimensionless dissipation factor.
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Im(k*) Im( #?)

4= Re(l)) " Re(77)

(38)

Firstly, for a comparison with the literature result (Berjamin & De Pascalis, 2022), we consider a plane shear wave propagating
along the x; axis (i.e. & = 0). In the referenced work, the Mooney-Rivlin model was adopted, with the strain energy function given by
W = Cio(I1 — 3)+ Co1(I — 3), where Cyp and Cy; are two constitutive parameters, I; and I, are two invariants (see details in Sup-
plementary Note 7.2). The material viscoelasticity is described by the one-term Prony series (including viscoelastic parameters g; and
71). The material is subjected to a uniaxial stretch along the x; direction; therefore, the deformation gradient tensor is F = diag(4™"/2,2,

Y 2). Substituting the above relations into Eq. (36), the plane shear wave is obtained as

pe? = (1 - ﬁ) (2C104™" +2C0117?)
1
(39

_igior; [2
3

_ 2 _
e [ 2 St -

It can be verified that Eq. (39) is consistent with the solution in the referenced work (see details in Supplementary Note 3).

In the following, we discuss the effect of prestress on plane shear waves. For simplification, we consider a neo-Hookean material
with the strain energy function W = u(I; — 3)/2, where u denotes the small-strain and long-term shear modulus. An in-plane uniaxial
stretch is applied along the x; direction, with the deformation gradient tensor F = diag (17/1’1 , 1). By substituting the above relations
into Eq. (36), the expressions for plane shear waves in a viscoelastic neo-Hookean material can be obtained (see Eq. (S18) in Sup-
plementary Note 4).

For the KVFD model, the complex wave velocities of plane shear waves propagating along the x;-axis and x»-axis are (see details in
Supplementary Note 4)

, 1
p et =i+ 3 un(io)® (22 + 272 +1) (40a)

and

10* 10? 10 107 100 107 10° : 10°

/2 /2 /2
2 2 2
T 0 m 0 m 0
3m/2 3m/2 3m/2
f=10* 7=10" 7=10°

Fig. 3. Effect of prestress on plane shear waves in the QLV Prony series material. (a) Dimensionless dispersion relation. 4, stretch ratio, 6, angle of
the wave propagation direction. (b) Angular distribution of normalized phase velocity. 2 = 1.25. (¢) Dimensionless dissipation factor.
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1
PELIE =pi 4 3 un(io)® (22 + 172 +1) (40b)

respectively. We define the dimensionless phase velocity and frequency as¢ = c¢/+/u/p andf = fnt/Po, respectively. By applying Eqs.
(40a) and (40b), Fig. 2a clearly shows that the phase velocities increase with the frequency. In the high frequency regime, the

_ ~Bo/2

dispersion relations follow a power law chfﬁ o/ . Our first insight is that the effect of prestress on phase velocity will be quenched in the
high-frequency regime. Taking the 4 = 1.67 as an example, in the low frequency regime (? —0) the stretch increases the phase velocity
to 1.67/u/p for & = 0, whereas decreases the phase velocity to 0.6+/u/p for 6 =z /2. As f—» + oo, the difference between the two
phase velocities gradually diminish. Fig. 2b presents the angular distribution of normalized phase velocity at different frequencies (f =
1074, 1071, 10%). At low frequency regime (? = 10"*), the phase velocity is direction dependent, with a shape that will result in an
elliptical group velocity curve (Zhang et al., 2023). As the frequency increases, the phase velocity gradually becomes isotropic. The
quenching of the acoustoelastic effect in the high-frequency regime is primarily attributed to the KVFD model, in which the mechanical
response of the spring—modifiable by prestress—becomes negligible at high frequencies. In contrast to the KVFD model, the Prony
series model discussed later can retain the acoustoelastic effect due to the presence of a spring that is not arranged in parallel with a
dashpot (i.e., the standard linear solid).

Fig. 2c shows the variation of the dissipation factor (d) with respect to stretch ratio (1). Remarkably, the dissipation factor decreases
with stretch applied along the wave propagation direction across a broad frequency range, while in the transverse direc-
tion—perpendicular to the stretch— d increases due to the compressive deformation introduced by Poisson’s effect. The tunability of
the dissipation factor by stress could serve as a useful strategy, particularly in the design of soft elastic waveguides with low dissipation,
as soft materials typically exhibit significant energy loss in the high-frequency regime.

For comparison, Fig. 3 shows the results obtained using the QLV Prony series model (The expressions for plane shear waves are
provided in Supplementary Note 4). Here, we define the dimensionless phase velocity and frequency as ¢ = c¢/+/u/p andfz fz,
respectively. Differently, the dispersion relations reach plateaus that still show dependence on 4 in the high-frequency regime (? > 1),
in line with the anisotropic phase velocity profile shown in Fig. 3b (7 = 10%). The dispersion plateaus in the high-frequency regime are
unlikely to occur in soft biological tissue, making the Prony series model less suitable than the KVFD model, especially when broad-
band frequency data are involved (Feng et al., 2023; Hang et al., 2022; Parker et al., 2019). Therefore, in the remaining part of this
paper, we will focus on the KVFD model. Fig. 3c suggests that the dissipation factor decreases with increasing stretch. Different from

the KVFD model, the dissipation factor reaches a maximum nearf =1 /2x and decreases to zero when jN”—> + .

3.2. Surface and fluid-solid interface waves

For the fluid-solid interface wave, we consider a viscoelastic solid that occupies the region x < 0, while the other half-space (x2
> 0) is filled with an inviscid fluid. The interface wave propagates along the x; direction. Therefore, the stream function for interface
waves in the solid takes the form: y =y ,exp(skxz)exp[i(kx; — wt)], where s is a dimensionless parameter. Inserting y into wave motion
Eq. (32), we get
2

0]2

(Gr —Qoty,)s* + Pz 2GB +Q(0hy, + 05pp) |5° + Ga — Qofy; — =0 (41)

@
/’ﬁ
Eq. (41) is a complex quartic equation with respect to s, which mathematically yields four complex roots, denoted as +s; and =s,.
Without loss of generality, we assume that the real parts of s; and s, are nonnegative. Therefore, y can be generally expressed as

v = [Ar1exp(sikxz) + Azexp(—si1kxs)

+ Azexp(s2kxz) + Asexp(—szkx; ) expli(kx; — wt)] @2

where A; ~ A4 denote the amplitudes. To satisfy the boundedness condition of the stream function, i.e. y—0 as xo— — oo, the stream
function is further simplified as follows:

v = [A1exp(s1kxz) + Azexp(sakxz)]expli(kx; — wt)) (43)
The fluid is modeled as an acoustic medium and the motion equation is

1% _,

G VY @
where o is the displacement of the fluid. ¢, = /k/p/ is the sound speed. x and p/ are bulk modulus and density of the fluid,
respectively. Since ¢ is an irrotational vector field, we introduce a potential function ¢(x;, X2, t) to replace ¥ with u{ =g, and u’; =
@ 5. Inserting ¢ into Eq. (44) we get

@ = Brexp(—¢&kx,)expli(kx; — ot)) (45)
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where ¢ = - % Ep%, and B; denotes the amplitude. In Eq. (45), we have omitted the term of exp (ékxz) due the boundedness

condition (¢p—0 as x;— + o0).
The interfacial conditions between the solid and the fluid include the continuity of normal displacement, the continuity of normal
stress, and the free shear stress. These conditions can be written as follows (Li et al., 2017b; Otténio et al., 2007):

U = u’; 291 = —0OlUs1, X1 = —Pf_; —Oxnlp1z, atx; =0 (46)

where p/ is the hydrostatic pressure of the fluid. Applying interfacial conditions Eq. (46), we get the secular equation for fluid-solid
interface wave (i.e. Scholte wave, see derivation in Supplementary Note 5.1)

w2
(Cs + Czszz) . ( — /’ﬁ& +Cis1 — 02513>

47)
—(Cs + Ca51?) - ( - p%st +Ci82 — C2323) + Ca(s1® — 322)% %j =0
where parameters C;, C, and Cs are defined by
C1 = G(2B+ Zo1221 + Q) + (G — Q)05 — Q(0511 + 0hnn) (48a)
Cy = Gy — Qo4 (48b)
C; = (G—Q)o},, + G(Q+ Zo1221) (48c)

For the surface wave (Rayleigh wave), the stress-free boundary condition at the solid surface (x, = 0) must be satisfied, leading to
the secular equation (see details in Supplementary Note 5.2)

>
(C3 + Czszz) . ( — /’F& +Cis1 — 02513)

2 (49)
7(63 -+ C2512) . ( 7/)%82 + C183 — C2823> =0

When pf =0, Eq. (47) reduces to Eq. (49). When G =1, Q = 0, elastic solutions are recovered, e.g. Eq. (47) recovers to the solution of
Otténio et al. (2007); Eq. (49) recovers to the solution of Dowaikh and Ogden (1990).

The effects of prestress and material viscoelasticity on Rayleigh surface waves are next examined. It is well-know that the speed of
Rayleigh surface waves vanishes when the compressive strain reaches Biot’s critical strain (~0.46 under plane strain conditions),
which was believed to be the onset condition for surface wrinkling on a free surface (Biot, 1963). However, both theoretical and
experimental studies have revealed that another surface instability—crease—can occur prior to reaching Biot’s strain (Hong et al.,
2009), due to the high sensitivity of wrinkling to tiny imperfections (Cao & Hutchinson, 2012). Here we investigate the Rayleigh
surface waves in a viscoelastic neo-Hookean material subjected to Biot’s compressive strain. The explicit formulation of surface waves

is provided in Supplementary Note 5.3. As shown in Fig. 4a, the phase velocity approaches zero whenf—>0, consistent with the onset of
surface wrinkles. However, as frequency increases, the reemergence of surface wave propagation reflects frequency-dependent stiff-
ening (i.e. material viscoelasticity) that suppresses wrinkle formation. At high frequencies, the phase velocity even exceeds that in the
stress-free case, which is similar to the observation for shear waves shown in Fig. 2a. Fig. 4b presents the dissipation factors. The
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Fig. 4. Effect of prestress on the Rayleigh surface wave in the KVFD material (5, = 0.4). (a) Dimensionless phase velocity ¢ and (b) dissipation
factor d of the Rayleigh surface wave at the stress-free and the compressive (1 = 0.544, Biot’s strain) states. (¢) Wave profiles of the Rayleigh surface

waves at f = 10* for stress-free and compressive states.
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compressive strain dramatically enlarges the dissipation even in the low frequency regime (}E < 10~*). For illustration, we plot the
normalized wave profiles at}' = 10~* for the two cases, as depicted in Fig. 4c. The nontrivially high dissipation at the Biot’s strain may
indicate the global wrinkling is unlikely developed on free surface, but instead, local surface instability such as crease could emerge.
The implications of this result for surface morphology deserves further study, which, however, is beyond the scope of the present study.

3.3. Lamb waves

We proceed to derive Lamb waves, which are commonly involved in guided wave elastography of thin-wall biological tissues such
as arteries and corneas. We consider a prestressed viscoelastic plate immersed in inviscid fluid with a wall thickness of 2h. The upper
and lower boundary of the plate are at x, = hand — h, respectively. The fluid occupies the upper (x2 > h) and lower (x; < — h) space
of the plate. Similarly to Section 3.2, we introduce the stream function y(x1, X2, t) that is related to the plate displacements by u; =y ,
and up = — y ;. Taking y into the wave motion Eq. (32), we obtain the general form of y as follows:

y = [Aicosh(sikxz) + Azsinh(s kxz) (50)
+Azcosh(sykx,) + Agsinh(sykx; ) expli(kx; — ot)]

where s; and s; are the two roots of Eq. (41) with nonnegative real parts. A; ~ A4 denote the amplitudes. It should be noted that Eq.

(50) is equivalent to Eq. (42), but is presented in this form to facilitate the decomposition into symmetric and antisymmetric com-

ponents. The amplitudes A, and A4 vanish for antisymmetric modes, while A; and As vanish for symmetric modes. The fluids are

modeled as acoustic media. The potential functions for the upper and lower fluid are ¢ = B;exp(—¢&kxz)expli(kx; —ot)] and ¢~ =

Boexp(ékxz)expli(kx; — wt)], respectively, where £ has been defined in Section 3.2, B; and B denotes the amplitudes.

The surfaces of the plate in contact with fluid should satisfy the continuity of normal displacement and normal stress, as well as the
free shear stress. These interfacial conditions can still be expressed by Eq. (46), with the spatial position adjusted to x, = +h. By
inserting the stream and potential functions into the interfacial conditions, the secular equation of the antisymmetric modes is (see
details in Supplementary Note 6.1)

2
(C3 + CzSzz) . ( — p£31 + Cy181 — C2$13> . tanh(slkh)

k2
(51)
2 w* 3 2 N
_ (C3 + Cle ) . — pﬁSZ + C]Sz — CQSZ . tanh(SZkh) + C2 (S] — 82 ) ? k_2 =0
For the symmetric modes, the secular equation reads
CUZ
(C3 + C2322) . ( — pk—251 + C1$1 — 02813) . COth(Slkh)
(52)
_ 2 _ wa _ 3 2 .2 &f wa _
(Cs+Cos1”) - ( —prgse +Cis2 = Cosy” | - coth(sokh) + Ca(s1” = 52%) fie 0

where coefficients C;, C», and C3 have been defined in Egs. (48a) ~ (48c).
For Lamb waves in a plate in vacuum, by applying the stress-free boundary conditions at the upper and lower surfaces of the plate,
the secular equation for the antisymmetric modes can be obtained as (see details in Supplementary Note 6.2)

[y /1:
— =14

Fig. 5. Influence of prestress on Lamb waves for the first four modes, i.e. A0, A1, SO and S1 modes. (a) Dimensionless phase velocity ¢ and (b)
dimensionless attenuation Eim( = kimc:/n'/%, where ¢; = / u/p) with respect to dimensionless frequency f(= 2fhy /ct). The neo-Hooke and KVFD
models are used, where y = 40 kPa, n = 0.015 s’o, B, = 0.4. The wall thickness of the plate in the stress-free state is 1 mm. The plate is subject to a

uniaxial stretch 1, = 4, 1y = A3 = 17 V/2,
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2

(C3 + CgSzz) . ( — p%sl + C1$1 — C2813> . tanh(slkh)

(53)
2
7(C3 + Czslz) . ( — p%SZ + C183 — C2523> . tanh(SZkh) =0
and the secular equation for the symmetric modes is
(1)2
(Cs + CzSzz) . ( —p k—251 + C151 — C2513) . COth(Slkh)
(54
2
—(C3 + C2812) . ( - p%.h + C1$2 — C2823) . COth(Szkh) =0

When pf = 0, Eqs. (51) and (52) reduce to Eqs. (53) and (54), respectively. When G = 1, Q = 0, the dispersion equations for elastic
materials are recovered, e.g. Eqs. (51) and (52) recover to the solutions of Li et al. (2017b); Egs. (53) and (54) recover to the solutions
of Ogden and Roxburgh (1993). When the prestress is in absence (1; = 12 = 13 = 1), the dispersion equations for linear viscoelastic
materials are recovered, e.g. Egs. (53) and (54) recover to the forms given by Rose (2014).

Fig. 5 presents the dispersion and attenuation of the first four modes of Lamb waves (i.e., AO, SO, Al and S1) in vacuum. Here we
employ the neo-Hookean model and the KVFD model to describe material nonlinear viscoelasticity. The corresponding secular
equations are simplified from Egs. (53) and (54), with their explicit forms provided in Supplementary Note 6.3. We define the
dimensionless frequency, phase velocity, and attenuation as f = 2fhy /ct, € = c/ct, and Eim = Im(k)c, /111//’0, respectively, where ¢, =
\/;7/‘ , ho denotes the half-wall thickness in the inital (stress-free) state. Dash-dot and solid lines represent the case of A= 1and 1= 1.4
respectively. Basically, the prestress dramatically changes the phase velocity and attenuation. For the fundamental modes (A0 and S0),
the tensile stress increases the phase velocity and decreases the attenuation, in line with the results for plane shear and surface waves.
We find the phase velocity of AO mode at f—0 is ¢ = /011 /p, where 611 = (G—Q)(a —y) is the prestress applied to the plate. This
observation is consistent with elastic theory (Li et al., 2022a), indicating the prestress can be derived from dynamic responses at
ultra-low frequency regime. As frequency increases, the phase velocities of the A0 and SO modes get close to that of the Rayleigh
surface wave, of which the dispersion is purely determined by viscoelasticity of the material.

4. Applications of the theory to SWE experiments

In this section, the proposed theory is applied to analyze real data obtained in experiments. We performed SWE on soft artificial
materials (hydrogel and polydimethylsiloxane, PDMS) and ex vivo soft biological tissues (a segment of porcine ascending aorta), where
surface waves or guided elastic waves (Lamb waves) were excited and detected. Harmonic stimuli over a broad frequency band or an
impulse stimulus are utilized to measure the dispersion relations.

4.1. Optical coherence elastography of soft materials

The optical coherence elastography (OCE) system is based on a home-built swept-source optical coherence tomography (SS-OCT)
platform with an A-line rate of 43.2 kHz. To perform OCE, we relied on a vibrating contact probe driven by a PZT that works in
synchronization with the swept source laser. The probe generates harmonic waves with amplitudes on the order of tens of nanometers
in the sample, which are detected by analyzing the phase variations of the interference signals. We used a home-built stretcher to
introduce a uniaxial stretch to the sample. The wave profile on the free surface along the stretch direction was then measured, followed
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Fig. 6. Optical coherence elastography experiments of soft materials. (a) Dispersion relations of the Rayleigh surface waves in a hydrogel. Lower
markers, 2 = 1. Upper markers, 4 = 1.2. The dashed lines indicate the wave velocities at 20 kHz. (b) Dispersion relations of the Lamb waves in a
PDMS membrane. (i) Dispersion relations obtained at stress-free state. Markers, experiments. Solid line, fitting curve with the KVFD model. Dashed
line, fitting curve with elastic model. (ii) Experimental dispersion relations (Markers) and the comparisons with the model-predicted curves
(Dashed lines).
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by a Fourier transform to extract the wavelength (Li et al., 2022a). In this way, the phase velocities at different frequencies can be
obtained. More details about the experimental setup can be found in our previous work (Li et al., 2022a).

The experiments were performed on a piece of hydrogel membrane and a piece of PDMS membrane. The hydrogel sample was
obtained following the protocol described in Kim et al. (2021). The thickness of the sample is about 3 mm. The PDMS was prepared by
using a 2:1 mixing ratio of base elastomer and curing agent (Sylgard 184, Dow Corning) and cured at room temperature over a night.
The wall thickness of the PDMS membrane is 0.47 + 0.01 mm.

Fig. 6 presents the experimental results. For the hydrogel sample, the phase velocities remain nearly constant (with variation <3 %)
across the frequency range of 8 to 20 kHz when the sample is subjected to stretch ratios of A = 1 and 4 = 1.2. These flat dispersion
relations are primarily attributed to the high stimulus frequency used in the experiments, which ensured the generation of Rayleigh
surface waves, and more importantly, to the extraordinary elasticity of the sample. The phase velocity increases about 21 % (7.88 +
0.05 m/s to 9.56 + 0.09 m/s), in quantitative agreement with the stretch ratio applied to the sample. This observation indicates the
superior elastic properties of the sample as our theoretical analysis suggests the effect of prestress on phase velocities will be quenched
if material viscosity become significant.

For the PDMS membrane, the phase velocity shows a dramatic dispersion because the A0 mode Lamb wave is dominant. As shown
in Fig. 6b-i, we find that the elastic model does not fit all the experimental data well. The fitting curve gradually deviates with the
experimental data as the frequency increases. On the other hand, the KVFD viscoelastic model fits all the data well, with fitting pa-
rameters: shear modulus 4 = 1.2 MPa, 7 = 0.0005 s%, and 8, = 0.65. For the prestressed cases shown in Fig. 6b-ii, we applied the
fitted material parameters into Lamb wave model with the neo-Hookean material (see Eq. (S63) in Supplementary Note 6.3) to predict
wave dispersion. The theoretical predictions show good agreements with the experimental data, validating the proposed theory for
modeling wave motion in prestressed viscoelastic soft materials.

4.2. Ultrasound elastography of ex vivo soft biological tissues

The ultrasound SWE experiments were performed using the Verasonics Vantage 64LE System (Verasonics Inc., Kirkland, WA, USA),
equipped with a L9-4 (central frequency 7 MHz) linear array transducer (Jiarui Electronics, Shenzhen, China). The system can send
long ultrasound pulses (~ 200 ps) and focus the ultrasound beam to generate a local body force (i.e., acoustic radiation force, ARF).
The ARF excites elastic waves with micrometer-scale amplitudes. Then the transducer is switched to perform ultrafast plane wave
imaging with a frame rate of 10 kHz, which enables the measurement of wave propagation within the imaging plane. More details of
the ultrasound SWE system can be found in our previous paper (Li et al., 2022b; Zhang et al., 2023).

A segment of porcine ascending aorta was obtained from a freshly slaughtered animal. As shown in Fig. 7a, the aorta was cut off and
flattened along its circumferential direction. We clamped the sample with a customized stretcher and then put the stretcher in water.
The ultrasound probe (immersed in water) was hung about ~20 mm above the sample, with the imaging plane in parallel to the
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Fig. 7. Ultrasound elastography experiments on an ex vivo porcine ascending aorta. (a) Experimental setup (top), and photography of the sample
(bottom). (b) Ultrasound B-mode image of the sample. Circumferential direction is parallel to the imaging plane. ARF, acoustic radiation force. (c)
Spatiotemporal maps of particle velocity showing guided elastic wave propagations in the sample when subject to different prestretch. From left to
right, 1 =1, 1.15, 1.25. (d) Experimental dispersion relation obtained in stress-free state (4 = 1). Solid line: fitting curve using the viscoelastic model.
Dashed line, theoretical curve with the elastic model. The constitutive parameters were obtained by tensile test (see supplementary Note 8). (e)
Experimental dispersion relations (Markers) and the comparisons with the viscoelastic model-predicted curves (Solid lines).
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circumferential direction (Fig. 7b). In the imaging plane, x; and x, axes were coaxial with the circumferential and radial direction,
respectively. The experiments were performed at the room temperature of 20 °C. Fig. 7c shows the spatiotemporal data acquired when
the sample is subjected to different stretch, i.e., A = 1, 1.15, and 1.25, respectively. By performing two-dimensional Fourier trans-
formation to the spatiotemporal data, we obtained the dispersion relations (Fig. 7d and e). The first-order antisymmetric mode of Lamb
waves (A0 mode) was primarily excited by the ARF, which is in line with previous studies (Bernal et al., 2011; Couade et al., 2010; Li
et al., 2017a). The fluctuations in the experimental data likely stem from the dispersion extraction algorithm (Kijanka et al., 2019).

To analyze the data, we utilized the Gasser-Ogden-Holzapfel (GOH) model to describe arterial hyperelasticity (Gasser et al., 2006),
and the KVFD model to describe arterial viscoelasticity. The strain energy function of the GOH model is

Y2
W="5(n-3) 2kzz{expk2 (kL + (1 = 30) — 1)?] -1} (55)

i=4,6

where p and k; are the initial shear modulus of elastin and collagen fibers, respectively. k; denotes the nonlinear stiffening of collagen
fibers. « represents the fiber dispersion (0 < x < 1/3). Invariants I; = tr(C), [y =M-CM and [y = M - CM'. M and M denote two
symmetrically distributed fiber orientations. ¢ denotes the angle between the fiber orientation and the circumferential direction. To
get the constitutive parameters, we performed a quasi-static uniaxial tensile test to the sample, and the best-fit values are 4 = 33.4 kPa,
ki =72.7 kPa, ko = 6.3, k = 0.26, ¢p = 42.8° (see details in Supplementary Note 8).

We then fitted the dispersion data in the stress-free state (A = 1, solid line in Fig. 7d). The optimization function is defined by the

root-mean-square error (RMSE), i.e. RMSE = \/ St (citheo) — ci(@P)? /n, where ¢;{* denotes the theoretically predicted phase
velocity (Eq. (S65) in Supplementary Note 6.4, with 4; =y = A3 = 1), ¢;(*®) is the experimentally measured phase velocity, n (= 100)
represents the number of discrete data points. The optimization process was achieved by the genetic algorithm. As a result, the
viscoelastic parameters of the KVFD model are obtained as 7 = 0.098 s’ and f, = 0.35. For comparison, we plot the dispersion
relation predicted by the elastic model (i.e., inserting # = 0 into Eq. (§65)). The elastic curve is reasonably lower than the experimental
data as the constitutive parameters are obtained from quasi-static tests, whereas the central frequency of the Lamb waves is about 500
Hz.

With all the fitting parameters from the tensile test and wave dispersion in the stress-free state, we predict the dispersion relations
when the sample is subjected to prestress (4 = 1.15 and 1.25, using Eq. (S65)), as shown in Fig. 7e. The model predictions are in
excellent agreement with the experimental data (relative error < 1.5 % over 500 Hz), validating the effectiveness of the proposed
theory in modeling wave propagation in biological tissues exhibiting both strong nonlinear elasticity and significant viscosity.

5. Acoustoelastic imaging of stresses in viscoelastic solids

We proceed to study the measurement of stress in viscoelastic solids with small-amplitude elastic waves. We firstly give a rela-
tionship between the relaxed stresses and incremental parameters that is free from constitutive model. Based on this principle, we
reveal that the squared difference of complex shear wave velocities along the two principle axes is related to the difference in relaxed
stresses along the corresponding directions, which leads to a promising method for stress measurement in viscoelastic materials.
Finally, we validate the proposed method using finite element analysis.

5.1. Relationship between principal stresses and incremental parameters

The relaxed stress at the deformed configuration (B) can be expressed in a general form as
6 =—ql+ (G- Q) (56)
Combining Egs. (34), (35) and (56), the difference between the normal stresses along the x; and x, directions, denoted as 017 and o022,
respectively, is obtained as
011 — 022 = (G—Q)(a—7y) (57)

For the Prony series model, G — Q =1 — g; a and y denote the instantaneous incremental parameters. For the KVFD model, G — Q =
1; a and y denote the long-term parameters. In general, Eq. (57) suggests the difference of the principal stresses equals to the difference
of the long-term incremental parameters. Note that, since the incremental parameters @ and y are directly related to the multiple elastic
waves presented in Section 3, Eq. (57) suggests a potential approach to characterize internal prestress by extracting a and y from wave
measurements.

5.2. Measurement of stresses by plane shear waves
We proceed to examine a specific type of waves—plane shear waves—to demonstrate how stress can be characterized through wave

measurements. For plane shear waves, we denote the complex wave velocity along the principal directions x; and x; as #; and ¢,
respectively. According to Eq. (36), we get

p 7% = Ga — Qo (58)
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and

pT* =Gy — Qct, (59)
With the help of Eqgs. (34) and (35), it can be deduced that

per?—p?s® = (G-Q)(a—y) (60)
Comparing Eqs. (60) and (57), we finally obtain

PCE —p Tt =011 — 0 (61)

Eq. (61) represents an extension of our previous work based on purely elastic models (Li et al., 2022a; Zhang et al., 2023). It offers a
promising and general approach to probe stresses via plane shear waves, applicable to various material models (including both
isotropic and anisotropic hyperelastic models, as well as QLV and KVFD viscoelastic models). Moreover, Eq. (61) is
frequency-independent, indicating that long-term stresses in viscoelastic materials can, in principle, be measured from plane shear
waves at any given frequency ranges, depending on the elastography modality employed (Ormachea & Parker, 2020). The
frequency-independency of the squared difference between #; and #, is somewhat surprising, given that both #; and #’, are
frequency-dependent. We will further verify this relation using finite element analysis in Section 5.3.

To implement Eq. (61) using experimental data, the complex wave velocity of plane shear waves can be acquired by measuring the
phase velocity ¢ and wave attenuation k;n, at any given frequency . Then the real wavenumber is calculated by k.. = @ /c, and the
complex wave velocity can be obtained using ¢ = @/ (kre + ikim)-

5.3. Verification of the method using finite element analysis

We performed finite element analysis to verify the proposed method. The finite element model was built by Abaqus/CAE 6.14
(Dassault Systemes, USA). Fig. 8a depicts the model. We built a 2D square domain and prescribed the in-plane stretch (4; =2, 1, =0.5,
A3 = 1) to introduce prestress. Then a harmonic line force was applied to generate plane shear waves. Approximately 100,000 solid
elements (CPES8RH) were used to discrete the domain. Convergence of the simulation was carefully examined by refining the mesh size
and time increment. Fig. 8b and ¢ show the wave profiles along the x; and x5 axes, respectively, obtained at 5 kHz. The prestress results
in a higher phase velocity (c) and lower attenuation (kjy,) along the x; axis compared to the x3 axis. Fig. 8d and e present the phase
velocities and attenuations at different frequencies derived from the wave profiles (methods of measuring phase velocity and
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Fig. 8. Verification of stress measurement for viscoelastic materials using finite element analysis (FEA). (a) Schematic of the model. (i) and (ii) show
shear wave generation and propagation in x; and x, axes, respectively. The stretch is applied along the x; axis with a stretch ratio 4. A harmonic line
load perpendicular to the wave propagation direction is applied to excite waves. (b) and (c) Wave profiles along the x; and x, axes, respectively.
Dashed lines with exponential decay outline the attenuation of wave amplitudes. Frequency, 5 kHz. (d) and (e) Phase velocities and attenuations at
different frequencies derived from the wave profiles. Markers, FEA. Dashed lines, theory. (f) Comparison of measured stress and applied stress. Dots,
stress derived from the phase velocity and attenuation at each excitation frequency. Dashed line, applied stress (¢1; = 150 kPa). The material models
used in this analysis are the neo-Hookean material and one-term Prony series. Parameters are 4 = 40 kPa (long-term), g = 0.5, 7 = 0.1 ms. The
stretch ratio is A =2 (1 = 4, Ao = 47", 23 = 1).
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attenuation are detailed in Supplementary Note 9). The results obtained from FEA match well with the theory. We then derive the
stress 011 from the phase velocities and attenuations, as shown in Fig. 8f. Using the proposed method, we get a consistent value for 017
from the phase velocities and attenuations at different frequencies, which is in excellent agreement (relative error < 1.5 %) with the
applied prestress (150 kPa). These results validate the effectiveness of the proposed method and demonstrate a potential experimental
setup for stress measurement in viscoelastic solids.

6. Discussion and conclusions

An incremental dynamics theory for prestressed viscoelastic solids is proposed in this work, of which two viscoelastic models are
considered: the QLV Prony series model and the KVFD model. Based on this theory, the analytical solutions of three classes of
representative elastic waves—commonly involved in SWE of soft tissues—are derived: plane shear waves, surface/fluid-solid interface
waves, and Lamb waves. The key features of their dispersion and attenuation behaviors under prestress and material viscoelasticity are
investigated. Interestingly, for the KVFD model, the effect of prestress on phase velocity will be quenched at high-frequency range,
resulting in an isotropic wave front even in the presence of anisotropic prestress.

SWE measurements, including optical coherence elastography and ultrasound elastography, were performed on soft artificial
materials and ex vivo porcine tissues, respectively, to validate the proposed theory. When incorporated with the KVFD model, our
theory matches the experimental dispersion across a broad frequency band, which demonstrates its capability and provides a theo-
retical basis for characterizing both viscoelasticity and prestress effects in soft materials. It should be noted that the analytical solutions
of multiple elastic waves derived in this work are applicable to arbitrary hyperelastic constitutive models. Therefore, the present work
enables characterizing multiple elastic wave propagation in biological soft tissues, particularly when considering their fiber-
reinforcing features through constitutive models such as the Demiray-Fung model (Demiray, 1972) and the GOH model (Gasser
et al., 2006). This makes the proposed theory especially relevant and valuable for the mechanical characterization of biological soft
tissues.

Based on the theory, we further reveal that the static relaxed prestress in a viscoelastic solid can be readily determined from plane
shear wave motions, independent of wave frequency. This finding leads to an approach to measure prestress via phase velocities and
attenuations of plane shear waves propagating along mutually orthogonal principal directions, without prior knowledge of consti-
tutive parameters and applicable across broad measurement frequencies. This is an extension of the conclusion for purely elastic
material (Li et al., 2022a; Zhang et al., 2023).

The viscoelastic models (both the QLV and KVFD model) adopted in this work assume that the viscous stress depends solely on the
stress history. Although this assumption is simple within the nonlinear viscoelastic field, our SWE experiments demonstrate its validity.
A recent study proposed strain-rate-dependent fractional derivative viscoelastic models and presented corresponding solutions for
plane shear waves (Berjamin & Destrade, 2025). Incorporating more general viscoelastic models into the incremental dynamics theory
shows promise and warrants further investigation.

In conclusion, the incremental dynamics of prestressed viscoelastic solids presented in this study shall find applications in future
developments of spatially resolved SWE techniques, and more broadly, provides insight into wave motions in soft materials.
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